Abstract. The solution of the 1D Sturm-Liouville problem using the Control Volume Method is discussed. The second order linear differential equation with homogeneous boundary conditions is discretized and converted to the system of linear algebraic equations. The matrix associated with this system is tridiagonal and eigenvalues of this system are an approximation of the real eigenvalues of the boundary value problem. The numerical results of the eigenvalues for various cases and the experimental rate of convergence are presented.
Introduction
This paper is concerned with the computation of eigenvalues of regular eigenvalue problems occurring in ordinary differential equations. The Sturm-Liouville problem arises within in many areas of science, engineering and applied mathematics. It has been studied for more than two decades. Many physical, biological and chemical processes are described using models based on the Sturm-Liouville equations.
The Sturm-Liouville problem appears directly as the eigenvalue problem in a one-dimensional space. It also arises when linear partial differential equations are separable in a certain coordinate system. For a more detailed study of the integer order Sturm-Liouville theory, we refer the reader to [1] [2] [3] [4] [5] .
The Sturm-Liouville problem can be solved by using either analytical or numerical methods. One of the most common approaches to a numerical solution of the considered problem is the finite difference method [3, [6] [7] [8] where each derivative is discretized at each grid point with an adequate difference scheme. Apart from the finite difference method, several analytical ones, such as the variational or decomposition methods, are proposed to find an approximate solution.
Statement of the problem
We consider the following problem defined on the bounded interval x ∈ [a, b] ( ) ( ) ( ) ( ) ( ) ( ) dy x d p x q x y x w x y x dx dx 
where p(x) > 0, dp/dx and q(x) are continuous, w(x) > 0 on [a, b], 1 2 0 α + α ≠ and 1 2 0 β + β ≠ . The above problem is called the regular Sturm-Liouville Problem (SLP). The solution to SLP consists of a pair λ and y, where λ is a constant -called an eigenvalue, while y is a nontrivial (nonzero) function -called an eigenfunction, and together they satisfy the given SLP. For each SLP, the eigenvalues form an infinite increasing sequence: λ 1 < λ 2 < λ 3 < … and lim k→∞ λ k = ∞.
For arbitrary choices of the functions p(x), q(x) and w(x) in Eq. (1), the computation of the exact values of the eigenvalues for which SLP (1)-(2) has a nontrivial eigensolution y(x) which is very complicated or it is practically impossible to determine. Numerical methods should, therefore, be used for computing the approximate values of λ. In many cases, the importance of a numerical approximation to the SLP described by a differential eigenvalue problem is to reduce the problem to that of solving the eigenvalue problem of a matrix equation (an algebraic problem).
In this paper, we apply the Control Volume Method (also known as the Finite Volume Method) to compute the eigenvalues of the Sturm-Liouville problem numerically.
Control Volume Method
In this numerical method [9] the considered domain of SLP: The integration of Eq. (1) with respect to volume Ω i leads to
or written in the form (assuming that
All the components in Eq. (4) can be approximated as follows: 
The values of y a = y(a) and y b = y(b) are determined on the basis of approximations of the boundary conditions (2) ( ) ( )
and hence, these values are equal to
Substituting (9) into (8), the following approximation of (7) has been obtained
For example, in the case of the Dirichlet boundary conditions at boundaries x = a (i.e. α 1 = 1, α 2 = 0) and/or x = b (i.e. β 1 = 1, β 2 = 0), the coefficients γ a and γ b are equal to 2, and in the case of the Neumann boundary conditions at x = a (α 1 = 0, α 2 = 1) and/or x = b (β 1 = 0, β 2 = 1), these coefficients take the values of 0, respectively. After substitution of (5), (6) and (10) into (4), the following system of the discrete equations for every control volume:
is obtained. This system can be also written in the matrix form as ( )
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and
. Then, SLP (1)- (2) is equivalent to the matrix eigenvalue problem (15). The ordered eigenvalues of (15) are denoted by λ i
In order to evaluate eigenvalues of large matrix eigenvalue problem (15), the numerical methods implemented in mathematical software can be used.
Particular case
Assuming the functions p(x) = 1, q(x) = 0 and w(x) = 1 in the SLP problem, then matrices P, Q and W are reduced to the following forms: Q = O (Zero matrix), W = I (Identity matrix) and
In the case of the mixed Dirichlet and/or Neumann boundary conditions at both boundaries, one can find in literature (e.g. [4] ) the explicit formulas for the i-th eigenvalue λ i of the SLP (1)-(2) and they are presented in Table 1 . For the discrete case, the eigenvalues of the matrix P can be determined in an analytical way. The eigenvalue problems of tridiagonal matrices (in a similar form as the matrix P) are considered in [10, 11] . On the basis of these results, the eigenvalues of the matrix P: λ i (N)
, i = 1,…,N are adopted to the analysed problem for four mixed boundary conditions and they are also given in Table 1 . Table 1 Eigenvalues 
For more complicated cases such as non-constant functions p(x), q(x), w(x) occurring in Eq. (1), the eigenvalues of system (15) should be determined in a numerical way (i.e. using mathematical software -here the Maple is used). 
Error of numerical approximation of the eigenvalues
4 , / , 1,...,
Proof: For the presented formulas in Table 1 (in these cases, the exact and discrete eigenvalues are known), one can estimate the error of approximation of the discrete eigenvalues. Let us start from the Taylor series expansion for the function sin 
For the case of the Dirichlet-Dirichlet boundary conditions, the error is evaluated by using the estimation (22) in the following way: 
In the other cases (from Table 1 ), the results are similar. Another method of error estimation is based on the investigation of the Experimental Rate of Convergence (ERC). The total error in the estimate of the eigenvalues is composed of both the error resulting from the discretization of the equation and the error of the numerical algorithm for finding eigenvalues of system (15). Here, we assume that the error is
where the parameters r and s are to be determined experimentally.
If the i-th exact eigenvalue λ to SLP is known, then the parameters r and s can be determined using the following formulas for the ERC for variable values of N:
Whereas, if the exact eigenvalue is unknown then, we determine the parameter r from the following formula
The parameter s can be estimated using (26) and assuming that λ i is numerically determined for sufficiently high value of N.
Example of numerical simulations
In tests of verification of the numerical solutions, three cases are taken into account:
In all examples, the values of a = 0 and b = 1 have been assumed.
In the case of Example 1, the exact eigenvalues are given by
, while for the remaining cases the exact eigenvalues are unknown.
In Tables 2, 4 and 5, the numerical values of the first 8 eigenvalues for different values of N and the calculated ERC r ( (25) or (27)) for all examples are presented, respectively. In addition, in Table 3 , the calculated values of ERC s (26) for Example 1 are shown. Table 2 Eigenvalues and ERC r for Example 1 Table 4 Eigenvalues and ERC r for Example 2 The analysis of the results presented in Tables 2-5 indicates that the rate r (ERC r ) is close to 2, while the rate s (ERC s ) is close to 4. Thus we can confirm that the relationship (20) is satisfied. The errors in the approximation of eigenvalues increase rapidly as the index of the eigenvalue grows.
Conclusions
In this paper, the new approach based on the control volume method for finding the eigenvalues of the Sturm-Liouville problem was discussed. The continuous problem described by the differential equation with the adequate boundary conditions was converted to the corresponding discrete one. The rate of convergence of the proposed numerical scheme is order 2. The presented results of the approximation of eigenvalues are in close agreement with the results obtained in an analytical way or in the mathematical software field. In the future, the presented approach can be extended to apply high order of accuracy difference schemes for approximating eigenvalues of the Sturm-Liouville problem and can be applied to the fractional Sturm-Liouville problem which is related to the corresponding fractional Euler--Lagrangian equation [13] .
